1. Prove that deciding if a given player in a weighted voting game is a null player
in coNP-complete.
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2. The VERTEX COVER problem is given by an undirected graph G = (V, E') and

a positive integer k. A pair (G, k) is a yes-instance if G admits a vertex cover
of size k, i.e., a subset of vertices S C V' with |S| = k such that for each edge
{u,v} € Ewehaveu € Sorv € S,

Consider the following mapping from an instance of VERTEX COVER to a vector
weighted voting game. Given an instance with n vertices and m edges, we
construct a game with n players 1,...,n that is a conjunction of m weighted
voting games, one per edge. For each edge e = {u, v} the game G* has quota 1;
the weights of players u and v are 1, and the weights of all other players are 0.
Use this construction to prove NP-hardness of the following decision problem
(you may need to modify the basic construction to do this, e.g., by adding extra
games or changing weights).

Given a vector weighted voting game that is a conjunction of ¢ weighted voting
games G A---AGY, is the game G relevant, i.e., is it the case that GIA- - - AG!1

and G' A - -+ A G* do not have the same set of winning coalitions?
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3. Consider two simple games G* = (A,v') and G? = (A, v?) with the same set
of players A. Suppose that a player © € A is not a null player in both games.
Can we conclude that i is not a null player in the game G = (A, v"), with the
characteristic function v" given by v"(C) = min{v!(C), v*(C)}? What about
the game G = (A,v"), where v" is given by v”(C) = max{v!(C), v*(C)}?
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4. Prove that any outcome in the core maximizes the social welfare, i.e., for any
coalitional game G it holds that if (CS,x) is in the core of G = (N, v) then for
any coalition structure C'S” for G we have ) s v(C) > > e e v(C).
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5. Suppose an outcome (CS, x) is in the core of G = (IV,v). Show that for every
other coalition structure CS’ with > o 0(C) = > e oe v(C') there is a
payoff vector y such that (CS’,y) is in the core of G.
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6. In class, we proved that a superadditive simple game has a non-empty core if
and only if it has a veto player. We also claimed that the following corollary
holds: a payoff vector (x4, ..., x,) is in the core of a superadditive simple game

G = (N,v)if and only if z; = 0 for each player i who is not a veto player. Prove
this corollary.
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7. Consider a 3-player simple game where a coalition is winning if and only if it
contains at least 2 players. Can this game be represented as an induced subgraph
game? Assume that self-loops are allowed.
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For every n > 1, construct an n-player convex simple game where every two
players are symmetric. How many such games are there for each value of n?
Justify your answer.
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