








































































































We are given a weighted voting game G W Wn 12 and some if n

and asked to show that the decision problem
is i a dummy player in 9

is CO NP complete

Alternatively we could consider the complement of this decision
problem

a dummy player in G and show that

this decision
pit is up complete

Player i is NI dummy if SEED 3

s Ex
SUE 3 iswinning

If someone gave us S think of S as a witness then

we can check in linear time in n
So we have a short proof in NP

To show is NP complete we need to show that any
problem x NP Karp reduces to

KARPReduction

We show that PARTITION Checking if i is NOT dummy inG
known to be NPcomplete

Given an instance of PARTITION
a an and parameter K

we set up a weighted voting game
Wi ai Hi n and set the quota of
Wnt 1 the game to be kt1


















































































































This transformation is clearly poly n
now to finish the reduction we want to show

fai.jp
E PARTITION Player n 1 not dumy in

transformed game

ÉTERTITION
net isson at then

É dummy

not
Ts
Losing winning

Assume n 1 is not dummy
Then SCN s t

s is losing but SV n 1 is winning

me

position
as adding 1 to it moves

winning but removing 1
makes it losing




















































































































conjunctivenotation Gi weighted
votinggame

Let G G A G A GE
be a game describedby the conjunctionof t g es

By conjunction I mean if S wins in G S wins forALL GI
You are told to show that the following
decision problem is NP HARD

Aside k vertexcover
23 is a 2 jover Given G G A Gt is Gt relevant

jj Agame is relevant if addingGt to

G changes theset ofwinning coalitions

Efi
1 Acoveris a subsetof want to show veI ÉÉr it I
th t Forete arÉonstruct a gameGe

with v1 players where
any coalition that contains

Gr YE 1 or wins ie quota 1
We are n

given IE m Let G Gem

Hd clearly this transformation is poly n


















































































































Now define G as a weighted voting game with v1

players where Wi 1 i In and quota

want to show it
prob

Gn k Vertex over G is relevant
to x ̅

Let S be a vertex cover of Gr of size k
Then the coalition 8 loses in G as the quote is
Ktl and 1St K

But S wins as S has a node that touches

every edge by vertex cover property so for every
game Ge if will win as UES sit u or

U

G is relevant coalition S s t s is winning in

but not G By relevance

For S to win it must be a

cover of Gr of sizeat most k

as s losing in

94




















































































































A few ways to tackle this I'm writing what I think is
the simplest

A 112,3

13 23 33 1,2 1,3 2,33 1.2.33

v1 O O O O O

v2 0 0 0 0

yn o 0 0 0 0 1 1 1 is null

adding 1 to 23 charges v01
IE fiftyAdding 1 to 33

13 23 33 1,2 1,3 2,33 1.2.33

v1 0 0 1 0 1 I 1 1

v2 O O O 1 1 1 1 1

yn O O O O O O 1 1 1 is null

adding 1 to 33 charges not
IE filthyAdding 1 to 23





































































































Assume that the statement is false

ES sit s s

r fee EE
T

CS is a partition of n

As core a it must be efficient Called an outcome
in lecture slides

By assumption

By definition of core s V s SEEN

But how 8 2 8 Contradiction



















































































































set y X

Want to show that s s se as
then Cs is a

valid outcome

Note Already have

vest Cs vcs seen

SECS so just is enough

CS is a partition of n

CS x is a valid outcome Assume 5 CS St
Problemstatement

51 VCS

i Fees si's
This contradicts













































































Want to prove core G Xi 0 if not veto
player

Assume x ̅ core G INotatiinN.IN

Let e be a non veto player Then SEN is.tv s 1

As VCS 1 by monotoncity Nl L But as core G

X N L

N 8 5
1 1 I must be 0

0 as sum is 0

as its

Assume Xi o i non veto

Want to show S V S SEEN

if S is a losing coalition thin
s 0 so x s V S as s 0,1

Let s is be awinning coalition with all vetoplayers
only way to win is have all veto player

As N 1
0 by assumption

VCS VCS



A
if I make

But now V A B C 3 A B C
1 1
B NotollowedI Then V A.BZ

0 not allowed

There are 2 games for every n

G All SEN s 0 Easy toshowthe game is symmetric
and convex
All valuations are 0

Gn All S C N V S 0
N 1 the onlyway toscore a point is be in the

grandcoalition
So onceagain symmetric convex

Claim There are no more symmetric simple convex game
Assume w log nY1

Let C be the smallest winning coalitionof a gameG that is notG'neck
Pick j Card if C

By symmetry C i U I is also a winning coalition

As C is the smallest winning coalition

CUE VCC
But Chi is not winning



I positively impacts C i but j does not

impact C

C is bigger than c i Breaks convexity
which requires

v SUE s S'U 83 VCS jEEn
if 8


